In this paper, an effective discrimination algorithm is presented to deal with equations arising from physical problems. The aim of the algorithm is to discriminate and derive the single traveling wave solutions of a large class of nonlinear evolution equations. Many examples are given to illustrate the algorithm. At the same time, some factorization technique are presented to construct the traveling wave solutions of nonlinear evolution equations, such as Camassa-Holm equation, Kolmogorov-PetrovskiiPiskunov equation, and so on. Then a direct constructive method called multi-auxiliary equations expansion method is described to derive the multi-solitary wave solutions of nonlinear evolution equations. Finally, a class of novel multi-solitary wave solutions of the (2 + 1)-dimensional asymmetric version of the Nizhnik-Novikov-Veselov equation are given by three direct methods. The algorithm proposed in this paper can be steadily applied to some other nonlinear problems.
Introduction
Nonlinear evolution equations (NLEEs) are widely used to describe complex phenomena in various sciences such as fluid physics, condensed matter, biophysics, plasma physics, nonlinear optics, quantum field theory and particle physics, etc. For a long time, it is a difficult task to find exact solutions of NLEEs although they play an important and significant role in nonlinear phenomena. In recent decades, the circumstances changed and many powerful approaches have been devised, such as inverse scattering method [1] , Darboux transformation method [2] , Bäcklund transformation method [2] , separation of variables method [3] , Hirota bilinear method [7] , Painlevé truncation expansion [8] , and so on. Of all the exact solutions of NLEEs, travelling wave solutions are the most fundamental solutions and the multi-solitary wave solutions are the most interesting solutions because they describe the property of interaction among solitary waves [1] . Multi-solitary waves include multi-soliton [1, 2] , multi-dromions [3] , multi-lumps [1, 3] , multi-compactons [1] , multi-peakons [3] , multi-snoidal wave, multi-cnoidal wave, and so on. Multi-soliton solutions have the essential property that after the nonlinear interaction the individual solitary waves pass through each other, keeping their energy, velocities and shapes but display phase shifts. However, the dromions do not preserve their form upon interaction and hence exchange energy. Only for a special choice of the spectral parameters do these solutions preserve their forms. The snoidal wave looks like an ocean wave having small crests and large troughs.
In the very beginning, people solved NLEEs by using travelling wave transformation and integration. They are direct and effective methods to find single travelling wave solutions (TWS), but the problem is that they can only deal with a kind of NLEEs and some (not all) TWS. Recently, some methods have been presented to construct TWS of NLEEs. As a results, lots of significant TWS of some NLEEs have been obtained. However, because of the nonlinearity of NLEEs, it is very difficult to obtain all their TWSs. In this paper, we propose a discrimination algorithm to discriminate the form of single TWSs of a class of NLEEs and to give many examples to illustrate the algorithm. Then we give a direct constructive method called multi-auxiliary equations expansion method to construct the multisolitary wave solutions of nonlinear evolution equations. Finally, a class of novel multi-solitary wave solutions of the (2 + 1)-dimensional asymmetric version of the Nizhnik-Novikov-Veselov equation are given by three direct methods.
The paper is organized as follows. In Section 2, the motivation and main results of this paper are described in detail. In Section 3, we will extend the factorization technique to a large class of NLEEs and show how to apply it to find new TWSs for some of them. At the same time, a discrimination algorithm of single traveling wave solutions of a large class of NLEEs is proposed. In Section 4, more examples are given to explain the algorithm in Section 3. A direct constructive method is described to construct the multi-solitary wave solutions of NLEEs in Section 5. Section 6 gives a class of novel multi-solitary wave solutions of the 2D ANNV equation by using three direct method. Finally, we end the paper with some conclusions in Section 7.
Motivation and main results
It is very important to discriminate and construct TWS of NLEEs. Although there are some methods to solve this problem, there are still not a method which can obtain all the single TWS of them. In his preprint, Liu [4a] has proposed a complete classifications of all single TWS of nonlinear differential equations by direct integral method and complete discrimination system of polynomials. He dealt with a class of NLEEs which can be transformed into ordinary differential equation (ODE) of the form φ 2 (ξ ) = p 0 + p 1 φ(ξ ) + · · · + p n φ n (ξ ), where n 1, by means of travelling wave transformation and direct integral. Then through complete discrimination system of polynomials, he claimed he had obtained all the single travelling wave solutions of a class of NLEEs. But some of the solutions are implicit.
Rosu and Cornejo-Pérez [5] introduced a factorization technique which was well known in quantum mechanics to solve a kind of ODE. Recently, Estévez et al. [6] used this technique to deal with Korteweg-de Vries-Burgers and Kadomtsev-Petviashvili equations and obtain very interesting results. The factorization technique can solve those equations which cannot be solved by Liu's method [4] .
Motivated by the work of Liu, Rosu and Cornejo-Pérez in this paper, we continue to consider the discrimination and construction of TWS of NLEEs. Firstly, with the aid of factorization technique, direct integral method and Painlevé truncation approach [8] , a discrimination algorithm of TWS of a large class of nonlinear differential equations is proposed and some examples are given to illustrate the algorithm, such as Camassa-Holm equation, KolmogorovPetrovskii-Piskunov equation, etc. One of the examples, Camassa-Holm equation, is an important physical model which is derived by using asymptotic expansions directly in the Hamiltonian for Euler's equations governing inviscid incompressible flow in the shallow water regime by Camassa and Holm [10a] . Subsequently, a direct method to construct multi-solitary wave solutions of NLEEs is presented. Finally, three direct method are used to derived the multi-solitary wave solutions of the (2 + 1)-dimensional asymmetric version of the Nizhnik-Novikov-Veselov equation.
Although Liu [4] has given a method to discriminate TWS of NLEEs, he only deals with those equations which can be changed into polynomial form, i.e., the scope is very narrow. Based on the extended factorization technique and Painlevé truncation expansion, our method can deal with a large class of NLEEs (please see Sections 3 and 4 for details In what follows, we will describe two example to explain the virtues of our method in Sections 3 and 4. As is described in Example 4.2 below, we try to solve the regularized long wave-Burgers (RLW-Burgers) equation
We first transform this equation into a third-order ODE which becomes a second-order ODE d + (c + 1)F + 6F 2 − αḞ − βcF = 0 after traveling wave transformation. We find that it is not the standard form from which one can derive the nontrivial factorization. To do this, we must introduce a transformation to change it into a standard form. After doing this, the next sept is to factorize the final ODE into two factors below
At the same time, the coefficients of the equation must satisfy certain conditions. From the factorization expression, several novel particular travelling wave solutions of RLW-Burgers are derived. The second example we will describe is Example 4.1 below. In this example, we aim at a class of third-order NLEE which contains several important NLEEs
By using the factorization technique proposed by us, the general form of solutions of this equation is obtained. The first step is still to change the NLEE into ODE. Then factorize the final ODE into the following form
where c + 2k = α 2 (δc − r). Finally, the general form of solution of this equation is derived from the factorization expression. If we choose special coefficients of the NLEE, some celebrated equations are obtained. Using the general form of solution of the solution, one can derive significant solutions of the corresponding NLEE such as peakon solutions, cuspon solutions, etc. The second point of this paper is that we have presented a direct method called multi-auxiliary equations expansion method to construct the multi-solitary wave solutions of a class of NLEEs. This method is very direct and effective to derive multi-solitary wave solutions. As an example, we derive several novel multi-solitary wave solutions of the (2 + 1)-dimensional ANNV equation. The basic steps are that we first suppose that ANNV equation satisfies a polynomial form solution like Eq. (5.2) below, where the expansion function is a solution of certain auxiliary equations. Substituting the polynomial form solution into the original equation one can determine the expansion expression. The multi-solitary wave solutions of the (2 + 1)-dimensional ANNV equation are built. The multi-auxiliary equations expansion method can also be applied to some other ones such as the (2 + 1)-dimensional breaking soliton equation, the (2 + 1)-and (3 + 1)-dimensional Burgers equation, and so on. In addition, the process can be implemented by computer program. By using of Hirota bilinear method and separation of variables method, we have gotten some other multi-solitary wave solutions of the (2 + 1)-dimensional ANNV equation. They are multi-soliton solution, multi-dromions solution, etc. All these multi-solitary wave solutions play an important role in the explanation of some physical phenomena.
In summary, compared with the algorithm proposed by Liu, our algorithm is much wider and more effective to obtained the travelling wave solutions of NLEEs. There are some equations which cannot be solved by the algorithm of Liu. We have introduced an effective factorization technique that can deal with a large kind of NLEEs, Rosu and Cornejo-Pérez et al. factorization technique [5] can only solve some second-order ODEs. One can use this technique to solve other nonlinear equation including nonlinear ordinary differential equation. Also, one can make use of the multi-auxiliary equations expansion method in Section 5 to solve many other NLEEs.
Single traveling wave solution discrimination algorithm
In this section, we will be primarily concerned with the discrimination and construction of single traveling wave solutions of a large class of NLEEs, i.e., to give an algorithm for judging certain equation owns what kinds of travelling wave solutions and how to obtain these solutions.
Liu [4a] has proposed a complete classifications of all single TWS of NLEEs. In what follows, we continue to consider the problem of solutions discrimination of a large class of them, some of which cannot be dealt with by the method of Liu. The main problem is how to deal with the final nonlinear ODE. In order to give a systematical algorithm, we first list some useful propositions.
In the next, we first introduce some factorization technique to solve a class of nonlinear ODE. In [5] , Rosu and Cornejo-Pérez consider the nonlinear second-order ODE and presented the following lemma. 
Lemma 1. Given a nonlinear ordinary differential equations of second-order as follows:
if and only if the following expressions are fulfilled
where
will have the same order as the bigger of the functions φ 1 (U ) and φ 2 (U ), and will also be a function of the constant parameters that enter in the expression of h(U ). Remark 1. In Eq. (3.2), the factorization is not composite factorization but product factorization.
Remark 2.
To derive special exact solutions, Rosu and Cornejo-Pérez et al. assume 
which can be rewritten aṡ
If one can obtain all the solutions of Eq. (3.4b), all single travelling wave solutions for Eq. (3.1) will be derived. 
which is changed into the Abel equation of the second kind
by means of the following transformation
Therefore, one only solves Abel equation of the second kind, i.e., Eq. (3.4c) and using Eq. (3.4d) to derive the solutions of Eq. (3.1).
The next lemma is due to Liu [4a] .
Lemma 2. Given a nonlinear ordinary differential equations of second-order as follows:
where U = U(ξ), then this equation admits the following general solution 6) where ξ 0 and C are integral constants.
The following proposition gives a generalized factorization of the nonlinear ordinary differential equations of second-order.
Proposition 1. Given a nonlinear ordinary differential equations of second-order in the form of
Then it owns the following factorization
if and only if the following expressions satisfy
In particular, when 
Taking travelling wave transformation 12) and substituting it into Eq. (3.11) yields the following ODË
Assume that Eq. (3.13) owns the factorization like Eq. (3.2). To obtain φ 1 (U ) and φ 2 (U ), solve the conditions as follows:
then we get
with
If one wants to find a special solution for Eq. (3.11), one only solve a compatible first-order ODE as follows
which has the solution
where ξ 0 is an integration constant. Now by using Eqs. (3.12) and (3.16) we can derive the special solutions of Eq. (3.11) as follows
where c and B satisfy Eq. (3.15). We can also solve Eq. (3.12) in another way. According to Remark 3, Eq. (3.14) can be rewritten as
which is changed into the Abel equation of the second kind [23] as follows by making use of transformation (3.4d)
where (C is an integral constant)
So when α = − 
By using Eqs. (3.4a), (3.4d) and (3.22) , we obtain the following Riccati equation:
which has special solutions
By means of Eqs. (12) and (3.24a)-(3.24c), the single solitary wave solution of Eq. (3.11) are obtained immediately.
Proposition 2. Given a nonlinear ordinary differential equation of third-order
Eq. (3.25) owns the following factorization
if and only if the following expressions hold 
and substituting Eq. (3.29) into Eq. (3.28) yields the following third order ODE
Applying the factorization technique of Proposition 3 to this ODE, we arrive at the following factorization
So the travelling wave solutions of Eq. (3.29) can be derived by solving the following coupled ODE
where we have introduced an undetermined function F (ξ), which is different from the means of Rosu and CornejoPérez.
Solving F (ξ) from the first equation of system (3.32) and substituting the result into the second equation, yields
where d is an integration constant. Integrating Eq. (3.33) once and letting the integration constant be l, we obtain dU In the following, we outline the solution discrimination algorithm of NLEEs. Given a system of coupled NLEEs with constant coefficients, without loss of generality, we assume the system has two dependent variables u, v and three independent variables x, y, t
Step 1. Transform Eq. (3.35) into nonlinear ODE.
Seeking the solutions of Eq. (3.35) in the travelling frame of reference, we first adopt travelling wave reduction to transform the given NLEE into nonlinear ODE. Let
where k, c, d are constants, then the system of NLEE is transformed into a system of nonlinear ODE,
Case 1. If one of the equations of Eq. (3.37) is integrable, integrate it with respect to ξ and a new system of ODEs is obtained. After that, if we can get explicitly U or V from one of the equations of the new system, for example,
, substitute it into the other equation of the new system. Then a system of ODE with only one dependent variable is derived. Go to the next step. If we cannot get explicitly U or V from one of the equation of the new system, make good use of Painlevé analysis to determine the relationship between U and V to get explicitly
Accordingly, a system of ODE with only one dependent variable is derived. Go to the next step.
Case 2.
If any one of the equation of Eq. (3.37) is not integrable and we cannot get explicitly U or V from one of the equation of the system, still make use of Painlevé analysis and the same procedure as above.
Step 2. Integrate the final system of ODE of Step 1 and classify it into cases.
Integrate the final system of ODE and write it in a standard form. Then classify them into several cases. (Here, we can only deal with the following three types.) Case 1. The final system of ODE is rewritten in the form of [4]
where 1 n 5.
Case 2. The final system of ODE is rewritten in the form of
Case 3. The final system of ODE is rewritten in the form of
Step 3. Analyze the three cases above according to Propositions 1 and 2.
This is the most important step of the algorithm. In this step, we should analyze the three cases of Step 2 according to Propositions 1 and 2 and the former results.
About Case 1 of Step 2, the complete classifications of all single traveling wave solutions of this kind system have been presented by Liu [4a] . For example, when n = 4, the final ODE is elliptic equation
. All its solution have been listed by Liu. Therefore, recurring to his results, we can judge the old system of NLEE owns what form of solutions.
As to Cases 2 and 3 of Step 2, according to the conclusions of Propositions 1 and 2 some special travelling wave of the old system of equation can be obtained.
Remark 4.
It is worth pointing out that because our objects are a large kind of NLEEs, we cannot give all their single TWS. We can only judge that a class of them has certain form of single TWS and give some of their special single TWS, but we cannot give all the single TWS. This refers to the variable coefficient cases and some high-order ones that are very difficult to deal with.
In the next, we will give some examples to explain the above algorithm. 
and substitute Eq. (3.40) into Eq. (3.39), the following system of ODE is gotten
Integrating the first equation once, we get Integrating it twice and letting the integral constants be l and k, yieldṡ
All the solution of this ODE have been already given by Liu [4a] .
Remark 5.
It is necessary to point that in Example 3.3 we reduce the coupled KdV system by letting v = iu. This reduction may lose some solutions of the former NLEE. So we can only obtain some special solutions of the former one. 
where α, β, r, σ are real constants. Taking travelling wave transformation 
where d, l are integral constants. In order to get to the form of Eq. (3.38a), we must take d equal to zero. Multiplying two sides of Eq. (3.47) byU and integrating yieldṡ
where m is an integral constant.
More examples like the case of Example 3.4 can be found in [4a] .
Example 3.5. The Sharma-Tasso-Olver equation [15] reads
Taking travelling wave transformation
and integrating once, Eq. (3.49) is changed intö
In order to obtain nontrivial factorizations to describe the solution of this ODE, we must let d = 0, but this is a restrictive condition that can lead to lose many solutions. To solve this problem, we take the following transformation
where satisfies equation
Under this transformation, Eq. (3.51) now is
Eq. (3.54) has the following factorization To obtain special solution for Eq. (3.49), we only solve a compatible first-order ODE
which has solutions 
and Eq. (3.59) is changed into the following Abel equation of the second kind [23] by making use of the transformation (3.4d)
which has solution in parametric form (where C is a constant)
, f(τ)= Cτ exp − τ dτ
.
So the parametric form solution of Eq. (3.54) is
Some more examples
In this section, we will give more examples to illuminate the algorithm in Section 3. As a result, we derive successfully the general form solutions of corresponding equations. By the way, Lenells [27] 
and substituting Eq. (4.2) into Eq. (4.1) yields
Applying the factorization technique introduced in Proposition 2 to Eq. (4.3) yields
where c + 2k = α 2 (δc − r).
Introducing undetermined function F (U(ξ)), Eq. (4.4) can be transformed into
The generalized form solution of the second equation of Eq. (4.5) is
where d is an integration constant. Substituting Eq. (4.6) into the first equation of Eq. (4.5) and integrating once, yields
which can also be written as dU
where l is an integration constant, which is the general form of solution of ODE (4.3). If we can derive the solutions of Eq. (4.8), the traveling wave solutions of Eq. (4.1) are obtained. Liu [4b] has studied this problem well by means of complete discrimination system for polynomial and direct integral method. The key steps are to change the given NLEEs into the integral form like Eq. 
which is easily factorized into the following form from Eq. (4.4)
The general form of solution of Eqs. (4.15) or (4.16) is 19) which is easily factorized into the following form from Eq. (4.4)
The general form of solution of Eqs. (4.19) or (4.20) is
and r arbitrary, Eq. (4.1) becomes the Dullin-Gottwald-Holm equation [12] uu xxx + 2u x u xx − 3uu x − u t + u xxt + ru x − ru xxx = 0. 
The general form of solution of Eqs. (4.23) or (4.24) is 
Example 4.2. The regularized long-wave Burgers equation [18] reads
which is a model equation of describing the propagation of surface water waves in a channel. In Eq. (4.26), the variables are all sealed, with x proportional to the horizontal coordinate along the channel, t proportional to the elapsed time and u = u(x, t) proportiona1 to the vertical displacement of the surface of the water from its equilibrium position, the coefficients α, β are both constants and they are called dissipative and dispersive coefficients, respectively. Furthermore, Eq. (4.26) represents a balance relation among the dispersion, dissipation and nonlinearity. Substituting Eq. (3.50) in Eq. (4.26) yields
Integrating the above equation once and letting the integration constant be d, we have
In order to obtain nontrivial factorizations of Eq. (4.27), we take the following transformation
which transforms Eq. (4.27) intö
Eq. (4.29) has the following factorization
where a and b satisfy
(4.31)
The special solution of Eq. (4.29) is obtained by only solving the compatible first-order ODE as follows:
whose general solutions are
from which the particular travelling wave solutions of Eq. (4.26) are obtained by combining Eqs. (3.50) and (4.28) 
which can be changed into the Abel equation of the second kind [23] as follows by Eq. (3.4d)
which has parametric form solution as follows 
Example 4.3. The nonlinear dispersive-dissipative equation [19] reads
which describes weak nonlinear ion-acoustic waves in a plasma consisting of cold ions and warm electrons.
Substituting Eq. (3.50) into Eq. (4.36) and integrating once yields
where d is integration constant, which is transformed intö
under the transformation
Eq. (4.38) has the following factorization
The special solution of Eq. (4.38) is obtained by only solving the following compatible first-order ODĖ
, from which the particular travelling solitary wave solutions of Eq. (4.36) are obtained by combining Eqs. (3.50) and (4.39)
where ξ 0 is an integral constant. To obtain new form of solutions of Eq. (4.36), we solve ODE (4.38) in a different way. By using the same procedure as Example 3.1, for Eq. (4.39) we have
which can be changed into the Abel equation of the second kind as follows by Eq. (3.4d) , by using transformation
When 2cβ 2 (1 − β) = 1, Eq. (4.44) has the following parametric form solution
where √ A = 1 2β 2 , the prime denotes differentiation with respect to τ and Z 0 satisfies
for the upper sign (Bessel functions), 
Eq. (4.47) has the following factorization
where c 2 ) ,
,
(4.49)
The special solution of Eq. (4.47) is obtained by only solving the following compatible first-order ODE:
, from which the particular travelling solitary wave solutions of Eq. (4.46) are obtained by combining Eq. (4.2)
where ξ 0 is an integral constant.
To obtain new form of solutions of Eq. (4.46), we solve ODE (4.47) in a different way. By using the same procedure as Example 3.1, for Eq. (4.47) we have
which can be changed into the Abel equation of the second kind [23] as follows by Eq. (3.4d) 
where R 3 and E 3 satisfy Eq. (3.21). So we can obtain the parametric form solution of Eq. (4.46) by combining Eqs. (4.2) and (4.51).
In the above, it is found that we can discriminate and give the single travelling wave of a class of NLEEs. It is well known that a class of them, especially, some soliton equations have multi-soliton solutions and other multi-solitary wave solutions. In what follows, we will investigate the multi-solitary wave solutions of these equations.
Multi-auxiliary equations expansion method
From Sections 2 and 3, it is easy to see that most NLEEs can be converted into the form of ODE (3.38a) or the similar form. So they may have single solitary wave solutions which look like the form of solutions of Eq. (3.38a) . Similarly, we conjecture that some of them may have double or triple solitary wave solutions which is the polynomial of single travelling wave form. So based on our multi-Riccati equations expansion method [21] , we present the multiauxiliary equations expansion method which is very effective for a class of NLEEs. In what follows, the multi-auxiliary equations expansion method is described.
For a given NLEE with n + 1 independent variables t, x = (x 1 , x 2 , . . . , x n ) and a dependent variable U = U(x, t):
where t is a time variable, x 1 , x 2 , . . . , x n are spatial variables, and the subscripts t, x i refer to the partial derivatives with respect to t, x i (i = 1, 2, . . . , n), respectively. Firstly, suppose that Eq. (5.1) admits polynomial solutions of the form
where N is a positive integer, ξ i , A 0 , A i 1 i 2 ···i N (i = 1, 2, . . . , N) are the functions with respect to (x 1 , x 2 , . . . , x n ; t) to be determined, m is an integer to be determined and φ i (i = 1, 2, . . . , N) satisfy one of the following ODEs. In the next section, we will give an example to illustrate the validity of this method.
The multi-solitary wave solutions of the 2D ANNV equation
In what follows, we will study the multi-solitary wave solutions of the (2 + 1)-dimensional ANNV equation. The (2 + 1)-dimensional ANNV equation 
to Eq. (6.1) yields
which turns into the following form after integrating 
and l, c, d are arbitrary constants, the Jacobi elliptic sine function solution of Eq. (6.1) is obtained as follows: 4a) where 0 < k < 1 is the module of Jacobi elliptic sine function. 
Hirota bilinear method
In what follows, we will make use of Hirota's bilinear method to study Eq. (6.1).
(i) The N -soliton solutions of Eq. (6.1).
In order to write Eq. (6.1) in the bilinear form we introduce dependent variables by u = 2(log f ) xy , v = 2(log f ) xx , (6.5) where f is a differentiable functions with respect to (x, y, t) and then substitute Eq. (6.5) into Eq. (6.1) to obtain
where the D operator [7] is defined by
As in the standard perturbation approach, we expand f as a power series in a small parameter
Substituting Eq. (6.7) into Eq. (6.6) and collecting terms with the same powers of , a class of differential equations is obtained
It is obvious that linear partial differential equations (6.8)-(6.10) have special solutions 
substituting Eq. (6.13) into Eq. (6.9) yields
which possesses a special solution as follows
Substituting Eqs. (6.13) and (6.14) into Eq. (6.10) yields
which has a very special solution f 3 = 0. So we can let f 3 = f 4 = · · · = 0 and = 1, from this we can get
and the double soliton solution of Eq. (6.1) is derived as follows:
We can also choose the solution of Eq. (6.8) to be 16) with η j = P j x + Q j y − P 3 j t + η 0 j , j = 1, 2, . . . , N. By the same procedure as above, we can derive the N -soliton solution of Eq. (6.1) by tedious calculations 17) where the sum over μ = 0, 1 refers to each of the μ j (j = 1, 2, . . . , N) and exp(A jl ) satisfies
Therefore, the N -soliton solution of Eq. (6.1) is obtained as follows:
(6.18)
(ii) The bilinear Bäcklund transformation and Lax pair of Eq. (6.1).
In the following, we first give the bilinear Bäcklund transformation (BBT) of bilinear equation (6.6) and then derive the Lax pair of Eq. (6.1).
Proposition 4. A bilinear Bäcklund transformation for bilinear equation (6.6) is
where λ and μ are arbitrary parameters.
Proof. Let f and g be two solutions of Eq. (6.6) such that
Analogous to the proof in [22] , by using of Eqs. (A.4)-(A.5) in Appendix A, we have
. We can introduce two new arbitrary parameters λ and μ into the above equation to derive
It is possible to write P in the above form because the coefficients of λ and μ are both equal to zero:
Thus, the bilinear Bäcklund transformation of bilinear equation (6.6) is given by Eq. (6.19), which satisfies the condition P = 0. 2
We remark that the application of BBT (6.19) can recover the N -soliton (6.18) of Eq. (6.1) when λ = 0. Now we eliminate f, g from BBT (6.15) to obtain the linear system, i.e., Lax pair of Eq. (6.1). To do this, we introduce the rational dependent variable transformation as follows ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ φ = g f , u = 2(log f ) xy , v = 2(log f ) xx , (6.22) then make use of the rational transformation formulae (A.6) in Appendix A, BBT (6.19) is equivalent to linear system φ xy + uφ − μφ x = 0, φ t + φ xxx + 3vφ x − 3λφ = 0, (6.23) which is the Lax pair of Eq. (6.1) and when λ = μ = 0, Eq. (6.23) is reduced to the weak Lax pair in [25] .
Painlevé truncation and separation of variables method
The Painlevé truncation [8] is a well-known and effective method to test the integrability and obtain exact solutions of NLEEs. In this subsection, using Painlevé truncation, separation of variables transformation of Eq. (j = 0, 1, 2, . . .) , an over-determined system of NLEEs is obtained. Usually, it is very difficult to solve this over-determined system. So we separate φ by φ = f + g with f = f (x, t), g = g(y, t) to simplify the system, from which we get Furthermore, in order to get nontrivial separation of variables solution of the over-determined system of NPDE and Eq. (6.1), we should let u 0 (x, y, t) = 0, which lead to
Thus, g is further separated into g = g 1 (y) + g 2 (t) + c with c be an arbitrary constant and g 1 (y), g 2 (t) are arbitrary functions of y and t, respectively. Therefore, we obtain a general separation of variables solution of Eq. (6.1) as follows 26) where f = f (x, t) is an arbitrary function of x, t and g = g 1 (y) + g 2 (t) + c.
Because g 1 (y), g 2 (t) and f = f (x, t) are arbitrary functions of y, t and x, t, respectively, we can restrict these functions to be special form to obtain special multi-solitary wave solutions of Eq. have used three direct methods to construct three types of multi-solitary wave solutions of the 2D asymmetric version of the Nizhnik-Novikov-Veselov equation. One is the famous Hirota bilinear method due to Hirota which has turned our to be a powerful method for constructing N -soliton solutions, the second is the separation of variables method based on Painlevé truncation and the third is the multi-auxiliary equations expansion method.
